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Abstract

This paper is concerned with the control of flexural waves in a beam using a tuned vibration absorber
(TVA). The TVA may be located in the farfield or the nearfield of a time harmonic point force and it can be
positioned to control both the downstream-transmitted power and that reflected upstream. Analytical and
numerical investigations are presented. The effects of the incident evanescent wave on the optimal
characteristics of the absorber are discussed when the TVA is located in the nearfield of the point force.

If the TVA is located in the nearfield, the power transmitted past the TVA depends on four independent
tuning parameters: the absorber frequency, the mass ratio, the structural damping of the TVA and the
distance between the TVA and the point force. If the incident nearfield wave is insignificant, then this
distance becomes unimportant in determining the optimal characteristics of the TVA. The net power
propagating upstream is due to the superposition of the wave reflected from the TVA and that input by the
point force and depends on all four parameters.

Attention is focussed on finding the frequencies at which the minimum power is transmitted or the
maximum power absorbed by the TVA. Experimental results are presented to validate the theoretical
predictions.
r 2005 Elsevier Ltd. All rights reserved.
see front matter r 2005 Elsevier Ltd. All rights reserved.
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Nomenclature

a wave amplitude at point force
b wave amplitude at neutraliser
c wave amplitude transmitted down-

stream
A cross-sectional area; point acceleration
EI flexural rigidity
f frequency (Hz)
F amplitude of harmonic force
I identity matrix
k bending wavenumber
ka translational stiffness of absorber
l distance between TVA and point dis-

turbance
ma mass of the absorber
Pa power absorbed by the TVA
r reflection coefficient
r reflection matrix
t transmission coefficient, time
t transmission matrix
w transverse displacement
x longitudinal position
y displacement of absorber mass

b variable factor—Eq. (14)
g absorber mass/beam mass in a length of

2la=p
Z absorber loss factor
l wavelength
la wavelength at absorber frequency
r beam density
t power ratio
o frequency (rad/s)
oa frequency of the absorber

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ka=ma

p
O ratio of excitation frequency to the

natural frequency of neutraliser o=oa

Subscripts

a absorber
b frequency ratio at which maximum

power absorbed
m frequency at which maximum transmis-

sion occurs
r reflection ratio, resonance frequency of

the absorber
t transmission ratio, tuned frequency

ratio
N nearfield
+, � positive, negative going waves
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1. Introduction

A wave propagates unchanged along a uniform beam unless it is incident on a discontinuity,
where part of it is reflected and part is transmitted. This paper is concerned with how the
transmission of flexural waves in a beam can be controlled using a single tuned vibration absorber
(TVA) located in either the nearfield or the farfield of a point disturbance.

The use of a TVA to control a flexural wave on an infinite Euler–Bernoulli beam has been
discussed previously. Mead [1] described how tuning the resonance frequency of an undamped
absorber to the excitation frequency could pin the beam at the excitation position. Complete
suppression of a flexural wave can be achieved by attaching a single undamped TVA and has been
discussed by Clark [2] and Brennan [3] who modelled the TVA as point translational impedance in
the farfield of a disturbance. More attention has recently been paid to adaptive-passive control in
which the passive properties of the TVA can be adjusted to be optimal under changing conditions.
Simplicity in design and a lower cost than active control are advantages of such an approach [4–7].

The purpose of this paper is to expand on previous work, which only assumed the farfield
condition, by discussing the behaviour of the TVA located in either the nearfield or farfield of a
harmonic point force. New tuning parameters are determined and expressions derived for the
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tuned frequency. The cases of optimal energy absorption by the device or minimisation of the
transmission of a propagating wave are considered. The presence of an incident evanescent wave,
together with the incident propagating wave, affects the optimal characteristics of the TVA. The
net upstream propagating wave is also considered. This is given by the superposition of the wave
reflected by the TVA and the upstream wave generated by the point force, and depends on the
location of the TVA together with its parameters.

The paper is set out as follows. Section 2 concerns the dynamic behaviour of the TVA and the
way in which it affects wave transmission. The reflection and transmission matrices are found.
The power transmitted downstream of the TVA is found in terms of four independent parameters:
the ratio of the tuned frequency to the TVA frequency, the loss factor of the TVA, the mass of the
TVA and the distance between the TVA and the source of disturbance. The maximum power that
can be absorbed by the TVA is investigated as well as the optimum tuning parameters of the
absorber. Section 3 is devoted to numerical examples, investigating the performance of the TVA
and the optimum tuning parameters of the absorber for both nearfield and farfield cases. The
TVA can be optimised either for minimum transmission or maximum energy absorption.
Experimental validation of the theoretical predictions is reported in Section 4. Finally,
conclusions are presented.
2. Dynamic behaviour of a TVA on a beam

The aim of this section is to investigate the reflection and transmission of waves at a TVA on a
beam when the TVA is in either the nearfield or the farfield of a point force disturbance.

2.1. Reflection and transmission coefficients

Consider the TVA modelled as a single degree of freedom (SDOF) system and mounted on a
beam at x ¼ 0 and at a distance l from an applied force F expðiotÞ as shown in Fig. 1. Here ma, ka

and Z are the mass, stiffness and the loss factor of the TVA, respectively. The force generates
am
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Fig. 1. TVA in nearfield of point force.
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waves, which are incident on the TVA and are partly reflected and partly transmitted. The ratios
of the reflected and transmitted wave amplitudes to those of the incident waves depend on the
characteristics of the TVA. The wave components shown in Fig. 1 represents positive- and
negative-going propagating waves generated by the point force ðaþ; a�Þ; positive- and negative-
going propagating waves at a distance l from the point force ðbþ; b�Þ and the transmitted
propagating wave (c+). The amplitudes a, b and c are complex; the subscript N refers to
evanescent waves. The net upstream propagating wave ða� þ b�e�iklÞ is the superposition of the
wave reflected from the TVA and the upstream wave generated by the point force.

Suppressing the eiot time dependence for clarity, the beam displacement is given by

wþ ¼ cþe�ikx þ cþNe�kx; w� ¼ bþe�ikx þ bþ
Ne�kx þ b�eikx þ b�

Nekx, (1)

where w+ and w� are the displacements of the beam in the regions xX0 and �lpxp0;
respectively. A list of symbols is given in Nomenclature. Here, k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rA=EI4

p ffiffiffiffi
o

p
is the flexural

wavenumber of the beam and r; A and EI are the density, cross-sectional area and flexural rigidity
of the beam, respectively.

The force generates waves of amplitudes [8,9]

aþ

aþ
N

( )
¼

�F

4EIk3

i

1

� �
, (2)

the waves incident on the TVA are

bþ

bþ
N

( )
¼

e�ikl 0

0 e�kl

" #
aþ

aþN

( )
, (3)

while the amplitudes of the reflected and transmitted waves are given by

b�

b�N

( )
¼ r

bþ

bþN

( )
,

cþ

cþN

( )
¼ t

bþ

bþN

( )
. (4a,b)

Here r and t are the reflection and transmission matrices for the TVA.
The reflection and transmission matrices can be found by considering the continuity and

equilibrium conditions. Continuity of displacement ðwþð0Þ ¼ w�ð0ÞÞ gives, from Eq. (1)

cþ þ cþN ¼ bþ þ bþ
N þ b�

þ b�N . (5)

Continuity of rotation ðqwþð0Þ=qx ¼ qw�ð0Þ=qxÞ gives

�icþ � cþN ¼ �ibþ � bþ
N þ ib� þ b�

N . (6)

From equilibrium of shear forces

icþ � cþN � ibþ þ bþ
N þ ib�

� b�
N ¼

ka

EIk3
ð1 þ iZÞðy � wð0ÞÞ. (7)

The term on the right is force on the beam from the absorber, whose mass has a displacement y.



ARTICLE IN PRESS

H.M. El-Khatib et al. / Journal of Sound and Vibration 288 (2005) 1157–1175 1161
Equilibrium of bending moments gives

�cþ þ cþN ¼ �bþ þ bþ
N � b�

þ b�N . (8)

Finally, the displacement of the absorber’s mass is given by

y ¼
kað1 þ iZÞ

kað1 þ iZÞ � mao2

	 

wð0Þ. (9)

Eqs. (1), (5)–(8) and (9) can be solved for the reflection and transmission matrices r and t, which
are

r ¼ b
i i

1 1

� �
; t ¼ Iþ r, (10a,b)

where I is the identity matrix and

b ¼
gO1=2ð1 þ iZÞ

O2 � ð1 þ iZÞð1 þ gO1=2ð1 þ iÞÞ
, (11)

The dimensionless parameters

g ¼
pma

2rAla

; O ¼
o
oa

, (12a,b)

represent, respectively, the mass ratio g at the absorber frequency oa ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ka=ma

p
; i.e. the ratio of

the mass of the absorber to the mass in a length 2la=p of the beam (where la is the wavelength at
oa) and the frequency ratio O; which is the ratio of the excitation frequency o to the absorber
frequency oa: The variable kl that appears in Eq. (3) can be re-written in terms of the non-
dimensional parameters as

kl ¼ 2p
ffiffiffiffi
O

p l

la

	 

. (13)
2.2. Transmitted power

The transmitted propagating wave c+, which carries energy to the farfield downstream of the
TVA, has components arising from both the propagating and nearfield incident waves b+ and
bN

+. It is given by

cþ ¼
�iFe�ikl

4EIk3

O2 � ð1 þ iZÞð1 þ gO1=2ð1 � e�klð1�iÞÞÞ

O2 � ð1 þ iZÞð1 þ gO1=2ð1 þ iÞÞ

" #
. (14)

It can be seen that c+ depends on the location of the TVA with respect to the disturbance through
the terms involving kl.

The transmission ratio tt of the absorber is now defined as the ratio of the power
transmitted to that which would be transmitted if the absorber were absent, i.e. tt ¼ jcþ=aþj2
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and is given by

tt ¼
O2 � ð1 þ iZÞð1 þ gO1=2ð1 � e�klð1�iÞÞÞ

O2 � ð1 þ iZÞð1 þ gO1=2ð1 þ iÞÞ



2

. (15)

Therefore, the transmitted power also depends on the distance l.
If the TVA is attached at the source of disturbance, then l ¼ 0 and the transmission ratio

becomes

tt ¼
O2 � ð1 þ iZÞ

O2 � ð1 þ iZÞð1 þ gO1=2ð1 þ iÞÞ



2

. (16)

If the TVA is attached in the farfield of the disturbance, then kl is large and the transmitted power
becomes

tt ¼
O2 � ð1 þ iZÞð1 þ gO1=2Þ

O2 � ð1 þ iZÞð1 þ gO1=2ð1 þ iÞÞ



2

. (17)

The transmission ratio depends on the absorber parameters and the frequency ratio in a
somewhat complicated manner.

2.3. Upstream power

The net wave propagating upstream of the point force ða� þ b�e�iklÞ is given by

ða� þ b�e�iklÞ ¼
�iF

4EIk3
1 þ ie�2ikl gO1=2ð1 þ iZÞð1 � ie�klð1�iÞ

Þ

O2 � ð1 þ iZÞð1 þ gO1=2ð1 þ iÞÞ

" #" #
. (18)

The reflection ratio tr is defined as the ratio of the power reflected upstream to that which would
propagate upstream if the absorber were absent, i.e. tr ¼ jða� þ b�e�iklÞ=a�j2 and is given by

tr ¼ 1 þ ie�2ikl gO1=2ð1 þ iZÞð1 � ie�klð1�iÞ
Þ

O2 � ð1 þ iZÞð1 þ gO1=2ð1 þ iÞÞ

" #

2

. (19)

If the TVA is attached at the source of disturbance then the reflection ratio is equal to the
transmission ratio given by Eq. (16), while if the TVA is attached in the farfield of the disturbance,
then tr reduces to

tr ¼ 1 þ ie�2ikl gO1=2ð1 þ iZÞ

O2 � ð1 þ iZÞð1 þ gO1=2ð1 þ iÞÞ

" #

2

. (20)

2.4. Optimum tuning of the TVA

In this section some comments are made concerning the optimum tuning parameters of the
TVA. It is possible to either minimise the power transmitted both downstream and upstream or to
maximise the power absorbed by the TVA. In the first case ideally Z ¼ 0 while in the second case
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there is an optimum value of structural damping in the TVA. If the incident evanescent wave is
significant, then the distance l between the force and the position of the TVA also affects the
optimum tuning parameters.

In general, numerical solutions are required to determine the optimum tuning parameters.
However, for the case of an undamped TVA, analytical expressions exist for various special cases
and some are given in this section, together with certain approximations valid for small values of
the absorber parameters.

If the TVA is undamped Z ¼ 0 and the transmission and reflection ratios become

tt ¼
O2 � ð1 þ gO1=2ð1 � e�klð1�iÞÞÞ

O2 � ð1 þ gO1=2ð1 þ iÞÞ



2

,

tr ¼ 1 þ ie�2ikl gO1=2ð1 � ie�klð1�iÞ
Þ

O2 � ð1 þ gO1=2ð1 þ iÞÞ

" #

2

. (21a,b)

The tuned frequency Ot is now defined to be the frequency ratio at which the transmitted power
is minimum. If the TVA is attached to the source of disturbance (i.e. kl ¼ 0), then Ot ¼ 1; so that
minimum transmission occurs at the absorber frequency, where the impedance of the absorber is
infinite. At this frequency the transmission and reflection ratios are both zero.

If the TVA is located in the farfield (i.e. kl ! 1), then the tuned frequency ratio satisfies

O2
t � gO1=2

t � 1 ¼ 0. (22)

Increasing the mass ratio increases Ot: At this frequency the transmitted power is zero. There is no
analytical solution for Ot; but approximate solutions can be found for small and large g; namely

Ot 
 1 þ g=2; g51;

Ot 
 g2=3; gb1:
(23a,b)

This case is discussed in detail in [3].
In the general case Ot depends on the TVA location l and the minimum transmission ratio is not

zero. A numerical solution can be found by minimising tt: For small g this yields

Ot 
 1 þ
g
2
ð1 � e�kl cos klÞ, (24)

while if kl51

Ot 
 1 þ
gkl

2
. (25)

In this latter case the minimum transmitted power is approximately tt;min 
 ðklÞ2=2: The small and
large kl asymptotes of Eqs. (23a) and (25) intersect when kl ¼ 1:

The maximum transmission ratio is greater than 1 and occurs at a frequency ratio Om4Ot

which also depends on the TVA location. If the TVA is attached at the disturbance location then

O2
m � 2gO1=2

m � 1 ¼ 0 (26)
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and the maximum power transmitted is tt;max ¼ 2: For small g; Om 
 1 þ g: Hence increasing the
mass ratio increases the frequency ratio Om at which the maximum transmission occurs. The
maximum transmission occurs due to matching of the impedance of the undamped absorber to
the reactive part of the impedance of the beam at this frequency. The maximum power
transmitted decreases as kl increases, becoming equal to 1 as kl ! 1:

The net wave propagating upstream for a TVA attached in the farfield can be written as

ða� þ b�e�iklÞ ¼ a�ð1 þ jr11je
�ið2klþfÞÞ, (27)

where |r11| and f are the magnitude and phase of the (1,1) element of the reflection matrix. If the
absorber is undamped and optimally tuned, then the transmission coefficient t11 ¼ 0 and the
reflection coefficient r11 ¼ �1: Therefore Eq. (27) becomes

ða� þ b�e�iklÞ ¼ a�ð1 � e�i2klÞ. (28)

If the total phase shift 2kl ¼ ð2n � 1Þp; where n is any integer, then the amplitude of the upstream
wave in the farfield is 2a�: the reflected wave interferes constructively with the upstream wave
injected by the disturbance. On the other hand, if 2kl ¼ 2np; then the amplitude of the upstream-
going wave is zero: the two wave components interfere destructively. Thus the location l of the
undamped absorber can be chosen in order to obtain zero transmission upstream if the absorber is
located in the farfield. It can be seen therefore, that the transmitted and reflected power can be
completely suppressed at a single frequency using a single undamped TVA located in the correct
position in the farfield.

If the TVA is not in the farfield then the phase of r11 is somewhat different from �p, while its
magnitude is somewhat less than 1, so that total cancellation of the upstream going wave does not
occur.
3. Numerical examples

The dependence of the power transmitted and absorbed on the TVA parameters is illustrated
numerically in this section.
3.1. Effect of TVA location

Fig. 2 shows the transmission ratio tt as a function of the frequency ratio O for two different
mass ratios g and various locations of the TVA, l=la; where la ¼ 2p=k is the bending wavelength
at the absorber frequency. The TVA is assumed to be undamped. Generally, in each case the
transmission has a minimum at a certain frequency Ot: However, in all cases Ot ¼ 1 when l ¼ 0
and the transmission ratio asymptotes to 1 as O ! 1: It can be seen that tt41 for some O4Ot

and increasing l=la reduces the maximum transmission ratio. Also, increasing l=la increases the
tuned frequency. When the nearfield wave is significant, the transmission ratio of the undamped
absorber is no longer zero at Ot: Moreover, increasing the mass ratio increases Ot:
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Fig. 2. The transmission ratio as a function of O for various l=la; Z ¼ 0: (a) g ¼ 0:01; (b) g ¼ 0:1: —— l=la ¼ 0; ..........
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Fig. 3. Power transmission coefficient as function of O; TVA in the farfield: (a) undamped TVA: —— g ¼ 0:01; ..........

g ¼ 0:05; - � - � - � - g ¼ 0:1; (b) damped TVA ðg ¼ 0:1Þ: —— Z ¼ 0; .......... Z ¼ 0:05; - � - � - � - Z ¼ 0:1:
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3.2. TVA located in the farfield

If the TVA is positioned in the farfield of the point disturbance then evanescent waves incident
on the TVA are negligibly small. The effect of the mass ratio on the power transmitted for an
undamped TVA is shown in Fig. 3(a). Increasing the mass ratio increases the tuned frequency
ratio Ot:
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Fig. 3(b) illustrates the effect of damping on the performance of the TVA. Although damping
reduces the attenuation of the power transmitted at Ot; it also increases the proportion of the
incident power absorbed by the TVA as shown in Fig. 4. Increasing the damping gradually
increases the maximum power absorbed Pa (the power absorbed per input power) for a constant
mass ratio until the damping reaches a particular limit. This is approximately when Z 
 g; as
shown in Appendix A, when half of the incident power is absorbed, while the other half is equally
transmitted and reflected. When Z4g; then the maximum power absorbed decreases as shown in
Fig. 4(a), while the frequency Ob at which the maximum absorption occurs increases with Z: The
effect of g on the proportion of incident power absorbed by the TVA is shown in Fig. 4(b).
Increasing g increases Pa as well as Ob for a fixed level of damping as long as goZ: This latter
effect is insignificant if the TVA is lightly damped. The maximum power that can be absorbed by
the TVA cannot exceed half the incident power, since the beam is only restrained translationally,
and the TVA cannot affect energy flow due to rotational (bending moment) components.

3.3. Optimum location of the TVA

The optimum location of the absorber at which the minimum power flows up- and down-
stream can be chosen by taking both tt and tr into consideration as shown in Fig. 5. The optimum
location of the TVA is at one of the normalised distances (l/la) that give the maximum attenuation
of tr (approximately at multiples of 0:5la). The minimum values of tr and the value of tt for a
farfield location depend on Z; and tend to zero as Z ! 0:

3.4. Optimum tuning

Fig. 6 shows the tuned frequency ratio Ot as a function of l=la for various g: Generally, Ot

increases with 1=la and asymptotes to the values given by Eqs. (23) and (25) when the TVA is in



ARTICLE IN PRESS

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−20

−15

−10

−5

0

5

10

a

 τ 
(d

B
)

l/λ

Fig. 5. Reflection and transmission ratios as function of normalized length at tuned frequency ratio O ¼ 1:04; g ¼ 0:07

and Z ¼ 0:01: ———— tr; - - - - - - - - - - - - tt:

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1

1.01

1.02

1.03

1.04

1.05

1.06

a

Ω
t

l/λ

Fig. 6. Optimum tuning frequency as a function of l=la; Z ¼ 0: —— g ¼ 0:01; :::::::::: g ¼ 0:05; - � - � - � - g ¼ 0:1; - - - - - -

low and high 1=la asymptotes for g ¼ 0:05:

H.M. El-Khatib et al. / Journal of Sound and Vibration 288 (2005) 1157–1175 1167



ARTICLE IN PRESS

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
1

1.05

1.1

1.15

1.2

1.25

1.3

1.35

η

Ω
t

Fig. 7. The effect of damping on the tuned frequency ratio Ot; for an absorber located in the farfield: —— g ¼ 0:01;
.......... g ¼ 0:05; - � - � - � - g ¼ 0:1:

H.M. El-Khatib et al. / Journal of Sound and Vibration 288 (2005) 1157–11751168
the farfield and nearfield, respectively. These asymptotes are shown in Fig. 6 for g ¼ 0:05:
Increasing the mass ratio increases Ot for a given location of the TVA. The minimum power
transmitted generally occurs at higher tuned frequency ratios if the TVA is located further away
from the point disturbance. This is not the case in the farfield, when the position of the TVA no
longer affects Ot for a given g: The tuned frequency is not affected by damping when Z51: The
effects of the mass ratio and the damping on Ob are similar to their effects on Ot: It is also worthy
of note that Ob is greater than Ot:

The optimum tuning parameters of an absorber attached in the farfield can be found from Eqs.
(17) and (20). Fig. 7 shows the relation between Ot and the damping of the absorber for various g:
Increasing Z and/or g increases Ot: A trade off should combine the beneficial effects of both Z and
g for the best exploitation of the absorber, where increasing Z would reduce the attenuation of the
transmitted power.

The optimum parameters of the TVA at which the maximum power is absorbed are found
numerically and are illustrated in Fig. 8. Designing a TVA with a higher value of structural
damping than the optimum value indicated in Fig. 8 for a given mass ratio will reduce the
maximum power absorbed by the TVA.
4. Experimental work

In this section, experimental measurements are compared with the theoretical and numerical
predictions of Sections 2 and 3.
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The absorber was made of a steel beam (1.7 mm� 20.5 mm� 80.4 mm) with blocks of brass
(10.3 mm� 10.2 mm� 20 mm) attached at each end. The absorber was attached at its centre to a
6.4 mm� 50.6 mm� 5630 mm straight steel beam suspended at four points along its length. The
ends of the beam were embedded in sand boxes to reduce reflections. The measured wavenumber
of the beam was such that k ¼ 0:83

ffiffiffi
f

p
where f is the frequency in Hz. The mass ratio of the TVA

was predicted to be g ¼ 0:07 using Eq. (12a), thus the estimated masses were predicted to be
ma ¼ 45:7 g while the mass that was effectively attached to the beam ¼ 21:9 g: These values were
obtained in a similar way to the model discussed by Hixson [10], while f a 
 343 Hz as described in
Appendix B. The loss factor of the TVA was estimated to be Z ¼ 0:0097 using the circle fit
method.

The beam was excited by a Ling V201 shaker with band-limited random noise over a frequency
range 50–800 Hz. The propagating wave amplitudes were estimated using the frequency domain
wave decomposition approach. This requires measuring the acceleration along the beam at four
different points. Four PCB type 352C22 accelerometers were employed to measure the required
accelerations. Other equipment included a spectrum analyser, power amplifier and a signal
conditioner.

The accelerometers were divided into two pairs as shown in Fig. 9. The first pair (A1 and A2)
was used to estimate the upstream propagating wave amplitude, while the second pair (A3 and A4)
was used to estimate the downstream propagating wave amplitude. This allows measurement of
wave amplitudes with or without the absorber attached to the beam, and hence estimation of the
transmission and reflection ratios.
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Fig. 9. Experimental set-up.
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The distance between the two accelerometers in each array was chosen to be 40 mm for signal
conditioning purposes. In order to avoid the effects of nearfield waves above 150 Hz, the distance
between each of the sand boxes, the absorber, the source of disturbance and the accelerometer
arrays was chosen to be greater than a wavelength at 150 Hz (0.62 m). Nevertheless, the distance
between the point disturbance and the TVA took one of five different values (l=la ¼ 0; 0.34, 0.49,
0.73 and 0.98, where la ¼ 0:41 m) to examine the effects of the location of the TVA.

Fig. 10 compares the numerical predications of Eq. (16) to the experimental measurements
when the TVA is attached to the point where the disturbance acts ðl=la ¼ 0Þ: For this case tr and
tt should be equal. Control at the absorber frequency of 343 Hz can be clearly seen. The measured
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powers transmitted downstream and upstream are nearly equal. Moreover, the tuned frequency is
seen to be the same as the absorber frequency as predicted. The maximum attenuation achieved
was approximately 34 dB in the upstream power and 25 dB in the transmitted power. These values
are very sensitive to the level of damping in the TVA.

The effects of the location of the TVA were investigated experimentally by choosing four
different locations of the TVA. Results are shown in Fig. 11. Agreement is generally good. A clear
notch in tt is seen around the tuned frequency, while tr depends strongly on the location of the
TVA. In Fig. 11(a) l=la ¼ 0:34; so that the TVA is well within the nearfield of the disturbance.
However, in Fig. 11(b) l=la ¼ 0:49; so that there are still significant nearfield effects. Now there is
also a clear notch in tr; due to the interference of the two wave components a� and b�e�ikt:
Locating the TVA at l=la ¼ 0:73 has increased the reflection ratio by approximately 5 dB as
shown in Fig. 11(c). The tuned frequency here has slightly increased to 356 Hz. Fig. 11(d) shows
the case where choosing an optimum location for the TVA achieves attenuation in both tt and tr:
The tuned frequency here was found to be approximately 356 Hz as predicted.
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The disagreement at low and high frequencies is due to measurement errors and sensor
miscalibration. Moreover, it is difficult to estimate the structural damping accurately which
affects the response around the tuned frequency.
5. Conclusions

This paper has presented theoretical and experimental investigations of the behaviour and the
optimum tuning parameters of a TVA, which suppresses flexural waves in thin beams. The
location of the TVA with respect to a point disturbance has been taken into account.

The reflection and transmission ratios for the TVA were derived and depend on four
independent tuning parameters: the absorber frequency oa; the mass ratio g; the damping Z; and
the non-dimensional distance l=la between the TVA and the disturbance. Emphasis was placed on
finding the tuning parameters, which ensure the minimum power transmitted and reflected or the
maximum power absorbed.

Analytical expressions for the transmitted and reflected powers were found to have components
arising from both the propagating and evanescent waves. The location of the TVA only affects the
tuned frequency if the incident evanescent waves are significant. In general, increasing the distance
between the TVA and the source of disturbance would achieve the maximum attenuation in the
transmitted power at a higher frequency ratio regardless of the power reflected upstream.
Attenuation in the power flow in both directions can be achieved at the tuned frequency if the
absorber is attached at certain distances from the point disturbance. These locations are
approximately multiples of half the wavelength at the absorber frequency.

Numerical investigations have shown how increasing the mass ratio increases the
tuned frequency and the frequency at which the maximum power is absorbed. Conversely,
damping was found to reduce the attenuation of the transmitted power but it increases the tuned
frequency.

Damping was also found to reduce the maximum transmission ratio, which occurs
when the TVA is attached in the nearfield of a point disturbance. It was shown
that the frequency at which the maximum power transmission occurs is greater than the tuned
frequency. The theoretical predictions have been successfully validated by experimental
measurements.
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Appendix A. Maximum power absorption by the absorber

An approximation for the optimum mass ratio, which achieves the maximum power
absorption, can be attained by taking the impedance of the TVA and that of the beam into
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consideration. The translational impedance of the beam is given by [1]

Zbeam ¼
2EIk3

o
ð1 þ iÞ. (A.1)

The impedance of the TVA that ensures that it absorbs the maximum power is the complex
conjugate of the impedance of the beam as stated in the ‘‘maximum-power-transfer theorem’’ [11]
between two devices in a network, and is given by

ZTVA ¼
2EIk3

o
ð1 � iÞ (A.2)

The impedance of a TVA given by Brennan [3] can be reformulated using the parameters given in
Eqs. (12a) and (12b) and written in non-dimensional form as

ioZTVA

4EIk3
¼

�gO1=2ð1 þ iZÞ

1 � O2 þ iZ
. (A.3)

Assuming Z51 then O2
t 
 1 þ gO1=2

t : Substituting this into Eq. (A.3) gives

ioZTVA

4EIk3
¼

�gO1=2
t ð1 þ iZÞ

�gO1=2
t þ iZ

. (A.4)

Assuming also g51 and Ot 
 1; which are often the case in practice, then Eq. (A.2) can be
substituted into Eq. (A.4) resulting in the relationship Z=g 
 1: This means that for maximum
power absorption by the TVA the loss factor should be approximately equal to the mass ratio.
Appendix B. Estimating the characteristics of the absorber

The absorber frequency and the resonance frequency of the beam-like absorber shown in
Fig. 12(a) were estimated experimentally, as well as the structural damping and the absorber
masses used in the model. At the absorber frequency, the motion at the attached point is small.
The absorber was attached to a PCB impedance head-type 288D01 fitted to a Ling V201 shaker
which excited the absorber with random noise in the frequency range 0–800 Hz. The impedance of
the absorber in this frequency range, using a simple 2-dof system approximation shown in Fig. 12
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Fig. 12. Beam-like TVA.
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[10], is given by

Z ¼
cm1kao

m1kao� icka þ icm1o2
þ im2o. (B.1)

The comparison between the theoretical and experimental point impedance of the absorber is
shown in Fig. 13. It is clearly shown that the numerical prediction using Eq. (B.1) is very close to
the experimental result. The modelled masses m1 and m2 of the absorber were estimated using
knowledge of the experimental absorber frequency ðf a ¼ 343 HzÞ and resonance frequency ðf r ¼

603 HzÞ: Also oa ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ka=m1

p
and or ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kaðm1 þ m2Þ=m1m2

p
[10]. The total mass of the absorber

ðm1 þ m2 ¼ 67:6 gÞ was found experimentally from the point accelerance at low frequencies.
Therefore, m1 ¼ 45:7 g and m2 ¼ 21:9 g: The stiffness of the model was thus found to be ka ¼

212:6 kN=m; while the damping constant was estimated to be Z ¼ 0:008 (best fit to experimental
measurement).
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